Introduction
The leading motivation for i?CA'-algebras comes from algebraic logic: a BCK-algebra A = (A;-,0) is the algebraic counterpart of a purely implicational calculus in which 0 corresponds to truth, x • y is interpreted as y x and i-y = 0ashy->i. With A we associate, as usual, a partially ordered set (A\ <), defining x < y iff x • y = 0. Hereditary (with respect to <) subalgebras B = (B; -,0) of A correspond to subcalculi of A with an "implicational completeness" property, viz., A contains no consequences of propositions in B that are not themselves in B.
Given a BCK-algebra. A and a variety K of BCA"-algebras, there may be various hereditary subalgebras of A which are members of K. The union i/i( A) of these is also a hereditary subalgebra of A. If it too is a member of Ii we say that K has the hereditary subalgebra property for A. We shall prove, inter alia, that if K is a quasivariety of fiCA"-algebras then the class of all BCK-algebras for which K has the hereditary subalgebra property is also a quasivariety. We shall also prove that many of the best known varieties of 5CA'-algebras (but not all varieties of 5CA'-algebras) have the hereditary subalgebra property for all 5CA"-algebras A.
Conventions
We denote by u the set of all nonnegative integers. We denote algebras by boldface capitals A, B, C,... and their universes by A, B,C,... By a quasivariety, we mean a class of algebras of the same type that is axiomatized by a set of quasi-identities. We assume a familiarity with the theory of .SCAT-algebras (see survey articles [Cor82] and [IT78] ). Henceforth if A = (J4; •, 0) is a 5CAT-algebra, we shall abbreviate the binary operation • on A by juxtaposition and for n G w and any a, b, b\,..., b n £ A, we define inductively:
(1) ab\ ..,b n = (ab\ ...6 n _i)6 n (rc > 1),
which holds in every 5CA'-algebra [IT78, Theorem 1], the order of b\,.. .,b n is immaterial in (1). As usual, we associate with A a poset (/I; <} where for a,6 £ A, we define a < b iff ab = 0. This poset has a least element, viz. 0. Recall that every 5CA'-algebra satisfies the identities For an element a of our BCK-algebra A, we denote by (a] the principal order ideal of the ordered set (v4;<) generated by a, i.e., (a] = {x 6 A : x < a}. A set A" C A is said to be a hereditary subset of A if X / 0 and (a] C A" for all a £ X. The set of all hereditary subsets of A is denoted by A). Clearly {0} is the least and A the greatest element of the poset (Jf (A); C). If & is a nonempty subset of Jf(A) then both f| y and [j y are elements of Jif(A).
In particular, A); C) is a complete, completely distributive lattice which fails to be a complete sublattice of the power set (exp A; C) of A only because the supremum of the empty subset of exp A is 0, while the supremum of the empty subset of Jif(A) is {0}. Note also that every hereditary subset of A is (the universe of) asubalgebra of A. We shall systematically confuse an element B of Jf( A) with the subalgebra B of A whose universe is B. 
A'-hereditary subsets
x < y => xz < yz, (
i) // K is closed under the formation of subalgebras and isomorphic images then .^j<(A) ^ 0 (in particular, {0} 6 J?k(A)) and Jf(B) C .//"K{A) for each B e JK(A). (ii) If I\ is a universal existential class and y is a nonempty subchain of the poset A); C) then \jy £ Jfx(A). In particular, for every X £ A\.(A), there is a maximal dement Y of (J4?K(A);C)
such that X C Y.
Proof, (i) This follows from the transitivity of subalgebras and hereditary subsets.
(ii) It follows easily from the definitions that \jy 6 Jif(A) and since A is a universal existential class, |J y £ A'. Consequently [J y £ Jffii(A). The rest follows from Zorn's Lemma. •
We define ¿/((A) = U-^A'(A). Note that iK(A) € Jf(A).
Ifi*(A) £ A', we say that K has the hereditary subalgebra property for A. In this case iji (A) is, of course, the largest hereditary subalgebra of A in A'. We also define K h = {A : A is a fiCA'-algebra for which K has the hereditary subalgebra property}.
PROPOSITION 2. Let K be a class of BCK-algebras which is closed under the formation of subalgebras and isomorphic images and let A £ A' h . If J? is a nonempty subset of Jff/<(A) then the union (resp. intersection) of y is its supremum (resp. infimum) in Jt?j<(A), while {0} is the supremum of the empty subset of Jf?i((A). In particular, i/c(A) is the greatest element of the complete, completely distributive lattice (Jf?j<(A); C).
Proof. For the first assertion it suffices to note that |J y is a hereditary subuniverse of z'/<-(A). The rest is trivial.
• 
be a class of BCK-algebras which is closed under the formation of subalgebras and isomorphic images and let
A £ K h . Then X £ J^K(A) iff X
is a hereditary subset of i^(A).
Proof. This follows from the fact that hereditary subsets of A are subuniverses of A and that I'K(A) is the largest of these. The index $ will frequently be omitted. 
LEMMA 5. Let K be a class of BCK-algebras which is closed under the formation of subalgebras and isomorphic images and let
A £ K h . For each x £ A, we have x £ A) iff (x] £ Jfx{A).
Proof. Easy. • LEMMA 6. Suppose that for each j £ J (J a nonempty set), Kj is a class of BCK-algebras which is closed under the formation of subalgebras and isomorphic images and

Consequently, ([/]] € je K (C).
By Lemma 5, [/] € i K (C).
Conversely, suppose [/] G I'K(C). Let T = {j G J : f(j) &
Varieties having the Hereditary Subalgebra Property for all
#CA'-algebras
The quasivariety of all BCA'-algebras is not a variety [Wro83] . A number of varieties of ZJCA'-algebras have been studied in the literature. In particular, for each n G the class of all BCA'-algebfas satisfying the identity
is a variety, denoted by En, having (8) ((*y)(**))(*y) = o, belongs to E n for some n 6 w.
A 5CA'-algebra A is called commutative if it satisfies the identity
(T) x{xy) -y(yx).
In this case the associated partially ordered set (A\ <) is a lower semilattice whose infimum operation is definable by x A y = x(xy).
The class T of all commutative iJCA'-algebras is a variety and was studied by Tanaka [Tan75] -also see [Cor82] . A BCA'-algebra is called implicative or a Tarski algebra if it satisfies the identity
It is well known that the class / of all implicative fiCA'-algebras is a variety and is the smallest nontrivial quasivariety of 5CA-algebras. It is also well known that I = Ei C\T (see [Cor82] ). In [Cor81] , Cornish considers the class J of all BCK-algebras satisfying the identity
(./) ar(ar(y(j/x))) = y(y(x(xy)))
and proves that this class is a variety which strictly contains the supremum of the varieties E\ and T. We shall prove that all of the aforementioned varieties have the hereditary subalgebra property for all 5CA'-algebras. (In the case of T, this is already known [Stu84] .)
Lemma 11. For every k 6 u>, every BCK-algebra satisfies the identity:
P roof (by induction on k): The lemma is trivially true for k = 0, as we have defined uv° = u. For k = 1, we have x(x(xy)) < xy as a substitution instance of (4). But from (4) and (7), we conclude that xy < x(x(xy)) and so xy = x(x(xy)).
Suppose all Z?CA'-algebras satisfy (11) for some k £ u. Then 
Proof. Let A be a BCK-algebra and let H = i En (A). Take a,b £ H.
There exists B £ <%E N (A) such that 6 G B. By the previous corollary, ba n = 6a n+1 hence H G E n , as required.
• It follows that we cannot replace "quasivariety" by "variety" throughout the statement of Theorem 9: if A' = E n , then K h is the class of all BCKalgebras, which is not a variety. < 6(6(a(a[6(6a)]))) (by (5)) < 6(6(a(a6))).
The last inequality follows from the fact that b(ba) < 6 (by (3)) and four applications of the quasi-identity (7). Similarly, from the fact that a(ab) e C2, we may prove the reverse inequality b(b(a(ab))) < a(a(b(ba)))\ hence tj(A) satisfies (J), i.e., ij(A) 6 J, as required.
• EXAMPLE 18. We show that there exists a variety V of 5CA'-algebras which does not have the hereditary subalgebra property for all BCK-algobras. A 5CiT-algebra is said to be directed if its underlying partially ordered set is upward directed. Let V be the class of all BCK-algebras which are embeddable into directed commutative BCA'-algebras. Then V is a variety [Stu82, Theorem 11] and an equational base for V is provided by the identities (8), (9), (10), (T) and 
